However, this particular sophisticated model utilized for the dynamic analysis of aerospace vehicles vessels with end caps, although having complicated numerical operations, offers accurate frequency results to be obtained with an high convergence rate.
Introduction I
N general, dynamic systems are nonviscously damped. Possibly the most general way to model damping within the linear range is to consider nonviscous damping models that depend on the past history of motion via convolution integrals over some kernel functions. The equations of motion describing free vibration of an N -degree-of-freedom linear system with such damping can be expressed by
where M; K; G G.t / 2 R N £ N . In the special case when G G.t ¡ ¿ / D C±.t ¡ ¿ /, Eq. (1) reduces to the case of viscously damped systems. A damping model of this kind is a further generalization of the familiar viscous damping. It is well known that under certain conditions viscously damped symmetric systems possess classical normal modes, that is, M, K, and C can be diagonalized simultaneously by a real congruence transformation. The most common example in this regard is proportional damping, where the viscous damping matrix has the special form
This damping model is also known as Rayleigh damping or classical damping. Caughey and O'Kelly 1 have proved that viscously damped linear systems with symmetric coef cient matrices possess classical normal modes if, and only if, the relationship
is satis ed. Based on this result, they have shown that the series representation of damping 
is the necessary and suf cient condition for existence of classical normal modes. Later, Ma and Caughey 2 proved that, for the case when the system matrices are not symmetric, Eq. (3) still describes as the necessary and suf cient condition for simultaneous diagonalization of the system matrices by an equivalence transformation.
Because all of the preceding concepts are in the context of viscously damped systems, it is not clear whether such concepts exist for nonviscously damped systems of the form (1) . The purpose of this Note is to address this issue. Speci cally, we ask the following question: under what conditions can nonviscously damped systems be classically damped? That is, under what conditions can M, K and G G.t / be simultaneously diagonalized? For the sake of generality, we consider that all of the system matrices are asymmetric.
Existence of Classical Normal Modes
It is required to nd out the conditions when two nonzero matrices U 2 R N £ N and V 2 R N £ N exist such that they simultaneously diagonalize M, K, and G G.t / under an equivalence transformation. Unlike the viscously damped case where all of the system matrices are constant, here the system dynamics is characterized by two constant matrices and one matrix containing real functions. The problem of simultaneous diagonalization of Hermitian matrices with functional entries through constant complex transformations has been discussed by Chakrabarti et al. 3 In view of their results and considering the system is positive de nite, the conditions for simultaneous diagonalization of Eq. (1) can be described as follows.
Theorem 1: If M, K, and G G.t /; 8t are positive de nite matrices and there exist two non-singular matrices
T KU, and V T G G.t /U; 8t are all real diagonal matrices then the following are equivalent.
Condition 1:
Proof: We have to prove that 1) from the given condition conditions 1-3 follow and 2) from conditions 1-3 the given condition follows, in total, all of the six statements proposed in the theorem. If G G.t / is a suf ciently smooth matrix function, then one can obtain a sequence G G r D G G.t r / 2 R N £ N ; 8r D 1; 2; : : : ; 1, where all G G r are positive de nite. For notational brevity, de ne D fM; G G r ; Kg as a ordered collection of the system property matrices. Instead of proving all of the six statements separately, rst we will prove that there exist U and V such that V 
This implies that .L 
Now from the given condition, .V
A similar expression for K m=i can also be obtained considering that .V T m U/ is diagonal. Because two diagonal matrix always commute, we have
Using the expression of 2) on viscously damped systems. If the system is not positive de nite, then the results of Theorem 1 still describe the necessary and suf cient conditions for simultaneous diagonalization; however, in such cases, U and V in general are complex matrices. Further, Theorem 1 can also be applied to systems with singular matrices. If a system is singular, then the condition(s) involving ¡1 have to be disregarded and the remaining condition(s) should be used.
Generalization of the Proportional Damping
In this section the concept of proportional damping is generalized to nonviscously damped systems. Consider the conditions 1 and 2 of Theorem 1; premultiplying condition 1 by M ¡1 and condition 2 by K ¡1 , one has
where
It is well known that for any two matrices A and B, if A commutes with B, f .A/ also commutes with B where f .z/ is any analytic function of the variable z. Thus, representations like
t/ are valid for any F .z; t / analytic in z. Adding these two quantities and also taking A and A ¡1 in the argument of the function as (trivially) A and A ¡1 always commute, we can express the damping function matrix in the form of
such that the system possesses classical normal modes. Furthermore, postmultiplying condition 1 of Theorem 1 by M ¡1 and condition 2 by
respectively. Following a similar procedure, from these relationships we can express the damping function matrix in the form
for which system (1) Eq. (7) or (8) provides a suf cient condition for the existence of classical normal modes. Furthermore, if M or K is singular, then the arguments involving its corresponding inverse have to be removed from the functions to use these expressions.
Example
Consider an asymmetric system of form (1) whose mass and stiffness matrices are given by
Suppose that the damping mechanism of the system is double exponential (GHM 5 ) so that the matrix of damping functions has the form
where O ¿ D t ¡ ¿ and ¹ 1 ; ¹ 2 are real positive constants. Note that none of the system matrices are positive de nite; moreover, K is singular.
The matrices of undamped right and and left eigenvectors are, respectively,
Because conditions 1 and 3 of Theorem 1 are satis ed, the system can be decoupled by an equivalence transformation involving U and V. One easily veri es that
¿ . This also illustrates the applicability of the generalized proportional damping proposed here.
Conclusions
Conditions for the existence of classical normal modes in nonviscously damped asymmetric linear multiple-degree-of-freedom systems have been derived. The nonviscous damping mechanism is such that it depends on the past history of the velocities via convolution integrals over some kernel functions. By introducing the concept of generalized proportional damping, we have extended the applicability of classical damping. The generalized proportional damping expresses the damping in terms of any nonlinear function involving time and specially arranged mass and stiffness matrices so that the system still posses classical normal modes. This enables analysis of a more general class of nonviscously damped asymmetric discrete linear dynamic systems using classical modal analysis.
